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Free Vibrations of Ring-Stiffened Toroidal Shells

THEODORE BALDERES*
Grumman Aerospace Corporation, Bethpage, N.Y.

AND

ANTHONY E. ARMENAKAST
Polytechnic Institute of Brooklyn, Brooklyn, N.Y.

In this investigation, the free vibrations of ring-stiffened toroidal shells are studied. The stiffening rings which
are placed at meridional sections are treated as discrete members, each with different properties and unequally
spaced. The shell is broken up into shell segments whose motion is studied on the basis of the Love-Reissner shell
theory. Stiffness matrices for the shell segments are obtained by expanding the shell parameters in the meridional
direction and integrating numerically in the circumferential direction. The stiffess matrices of the reinforcing rings
are combined with those of the shell segments by imposing compatibility at the junctions. This resuits in a set of
linear homogeneous algebraic equations which are solved by a fast converging iteration technique. A comparison
of the frequencies of unstiffened toroidal shells shows good concurrence with available results. Plots are established
showing the effect of the shell parameters on the frequencies of the unstiffened shells. The results indicate that the
frequencies increase with increasing { (thickness to radii ratio, 4/R) and decreasing # (radii ratio, a/R). The five lowest
frequencies and their corresponding mode shapes are determined for three different cases. When stiffening rings are
added to the toroidal shells, the frequencies either remain the same or increase substantially. The changes being
greater for shells with smaller ». Moreover, the presence of additional modes is established as well as the coupling
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of circumferential harmonics.

Nomenclature

a = distance between center of the cross section and the axis
of revolution of a toroidal shell

h = thickness of the shell

m,n = Fourier indices

r = radius of parallel circle

rt, = meridional and circumferential radii of curvature

= radius of circular cross section of a toroidal shell, radius
of the ring stiffener

t = time »

u,o,w = circumferential, meridional and radial displacement
components of a point on the middle surface of the
shell ‘

z = coordinate normal to middle surface of the shell

0,¥ = circumferential and meridional coordinates of the
toroidal shell

A = A/R = nondimensional cross sectional area of a ring stiffener

EE, = modulus of elasticity of the shell, and the stiffeners,
respectively

E=E/E = nondimensional modulus of elasticity of the stiffeners

G, G = shear modulus of the shell, and the stiffeners, respectively

G = G,/E = nondimensional shear modulus of the stiffeners

I, =1,/R* =in plane; nondimensional moments of inertia of the
stiffeners

I, =1,/R* = out of plane; nondimensional moments of inertia of the
stiffeners

J = J/R* = nondimensional torsional constant of the stiffeners

n = radii ratio (a/R)

{ = thickness to radius ratio (#/R)
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A = pQ*a®/E

v = Poisson’s ratio

p = density

Q = circular frequency

oy = rotational displacement about i direction

Introduction

'TUDIES of toroidal shells have dealt with the static, dynamic

and buckling analysis of torus sectors and of complete
unstiffened toroidal shells. Among some of the more recent
studies, are those of Sanders and Liepins' who considered the
toroidal membrane under uniform normal pressure. An extension
of their approach using both the nonlinear membrane theory
and the bending theory was presented by Rossettos and Sanders.?
Reissner® also investigated this problem and ascertained when
the linear bending, the nonlinear membrane, or the nonlinear
bending theory should be employed.

In a series of papers,*~ 3 Liepins studied the free vibrations of
prestressed toroidal shells. The analysis was based on a linearized
theory of prestressed shells, and utilized Fourier series expansions
in the circumferential direction and finite difference approxima-
tions in the meridional direction. The membrane theory was
used in the first paper, whereas, in the second investigation, the
effects of bending stiffness were considered. It was established
that the flexural modes are altered considerably with the addition
of bending stiffness.

A study concerned with both buckling and vibrations of
toroidal shells was presented by Fliigge and Sobel.® Equations
governing buckling and free vibrations of prestressed thin ‘shells
of revolution were derived and were then applied to the analysis
of toroidal shells. The stability equations were solved by the
use of Fourier series expansions in the circumferential and
meridional directions. Design curves giving the buckling
pressures for a wide range of geometric parameters were
presented.

In this investigation the free vibrations of ring-stiffened
toroidal shells are studied. The stiffening rings which are assumed
placed at meridional sections, are treated as discrete members
(Fig. 1). The shell segments, whose motion is analyzed on the
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Fig.1 Ring-stiffened toroidal shell.

basis of the Love-Reissner shell theory, are coupled to the
stiffeners by imposing compatibility at the junctions. Thus, in the
present analysis, the influence of an arbitrary number of rings,
differing in properties and unequally spaced can be considered.

Governing Equations

The geometry and notation for a toroidal shell with a circular
meridian is shown in Fig. 2. The radius of curvature of the
meridian is denoted by R and the distance between the center
of the circular cross section and the axis of revolution is denoted
by a. The radius of curvature in the circumferential direction r,
is given by

r, = AP = ajcos¥+R (1)
and the distance r is
r=r,cos¥ =a+Rcos¥ 2)

The lines of principal curvature are the meridians (8 = const)
and the parallel circles (¥ = const) as shown in Fig. 2. Accord-
ingly, the angles ¢ and ¥ and the distance from the middle surface

z, are used as the coordinate system.

The components of displacement &, 5, w at the middle plane

of the shell are expressed as

u(0,¥, t) = u(@, ¥)cos Qr

7(0,¥, t) = v(0, ¥) cos Qt

w(0,'P, 1) = w(f, ¥)cos Qt 3)
They are taken positive in the directions of increasing 6, V¥, and

z. The natural boundary conditions for the edges of a sector of
the shell 0 = 6, and 0 = 0, are

a) u or N, is prescribed

b) vor Ty = Nyy—(My,/R) is prescribed

¢) wor J, = Q,+(1/R)(6/0¥)(My,) is prescribed

d) wy or M, is prescribed 4
where N;, Ty,, J, and M, are referred to as the effective stress
resultants.

The displacement equations of motion of a sector of the
toroidal shell may be converted into a set of eight partial
differential equations with variable coefficients, expressing the
first derivatives with respect to € of the eight shell functions u,
U, W, Wy, Ny, Ty, J, and M, appearing in the natural boundary
conditions of a meridional section.” The resulting equations are
of the form

Wi_ 5 ;. Py Py
w0 {a‘fy’+b"aw gzt Gigy ®
=
(i=12...8)

where y, denotes one of the eight shell functions. Their coefficients
are functions of the shell geometry and the shell properties.
Inasmuch as some of these coefficients involve powers of the
trigonometric functions, in order to facilitate the subsequent
Fourier series analysis, these coefficients are expressed as linear
combinations of trigonometric functions by using appropriate
trigonometric identities.”

For a toroidal shell with a closed meridian, the condition of
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periodicity of the shell functions is satisfied if the shell functions
are expanded in the following Fourier series expansions in the
meridional direction

= Y Y, .cosm¥ + Z
=0

m=1

./ sinm¥ 6)

The series with the unprimed coefficients represents motion
which is symmetric about the plane ¥ = 0, ¥ = =, whereas, the
series with the primed coefficients represents motion that is anti-
symmetric about this plane. By substituting expressions (6) into
Eqgs. (5), it can be shown that the resulting equations may be
written in the form

i ; dY !
y ‘%cos m¥ + Z —p sinm¥ = Z A, cosm¥ +
m=0

m=0
z A,/ sinm¥  (7)

(1—1,2,...8)

The quantities Ami and A'mi are functions of the coefficients
of Ymi and Y'mi, respectively.

Since the functionscos m¥ and sin m¥ are linearly independent
in the interval 0 < W < 2n, the symmetric and antisymmetric
motions of the torus are uncoupled. Equations (7) then represent
two sets of uncoupled equations which can be treated separately.

Symmetric Motion

For motion that is symmetric about the plane ¥ = 0, ¥ =7,
substitution of the first part of the Fourier series expansions (6)
into Egs. (5), results in a set of eight equations involving terms
which consist of products of trigonometric functions and
Fourier series. The first of these equations is of the followmg
form:

(=]

di
> %cesm‘l’—a“sm‘l’ Z v, sinm¥ +
m=0

m=1

(ay0+ay, cos'¥) Y. mv, cosm¥+

m=1

el
(a30+a5,c08%W) Y w,cosm¥+

m=0

(ago+a, cos¥) Y N, cosm¥ ®)

m=0

Fig. 2 Geometry and notation for toroidal shell.
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where u,, v,, W, Ny, denote the amplitudes Y,;, Y ,. Y5, Y, s,
respectively, of the Fourier series expansions (6).

Using certain identities,” every term of the aforementioned
eight equations may be written as an infinite sum over the same
range of m, of the same trigonometric function. Hence, each of
the eight equations may be written in the form

o0

m=0 m=0
or
“ JdY.. © )
3 —d(';'w’sm m¥ =3 A,sinm¥ ©)
m=1 m=0

Since the trigonometric functions cos'¥, cos2¥W, cos3¥...,
sin'¥, sin2¥, sin3¥... are linearly independent in the range
0= ¥ < 2n,eachof the eight equations yields an infinite number
of e equations, one for each value of m.

Thus, we obtain an infinite number of sets of eight or less
ordinary differential equations with constant coefficients. Each
set expresses the derivatives of the eight amplitudes in Eq. (6)
corresponding to the same value of m (harmonic). In these
relations the various harmonics are coupled unlike the case of
axisymmetric shells of revolution where the harmonics are not
coupled and may be considered separately in vibration analysis.®

Antisymmetric Motion

For motion that is antisymmetric about the plane ¥ = 0 and
¥ = 7, substituting the second part of the Fourier expan-
sions (6) into Egs. (5) and following the same procedure as
in the symmetric case, an infinite number of sets of eight or less
ordinary differential equations governing the antisymmetric
motion are obtained.’ '

Computation of Influence Coefficients
The influence coefficients for the toroidal shell segments are

obtained by retaining a finite number, N, of the infinite number
of sets of the equations for the symmetric and antisymmetric
motion and employing a numerical integration procedure. In
some equations, terms with higher harmonics than m = N—1
exist; these harmonics are omitted for consistency. That is, the
first m =0,1,2,... N—1 harmonics are retained in the resulting
N sets of equations. For example, if only the m =0 and m = 1
harmonics for the symmetric motion are retained, we obtain an
m=0 set of equations involving only m=0 and m=1
harmonics, which is of the form

Yy, _ ©) ; ©

= 2 A Yo+ X A0, (10a)
ji=1 ji=1
and an m = 1 set of equations involving only m =0 and m = 1
harmonics

dYy,
do

8 8
=2 AV Yo+ ¥ A (10b)
j=1 j=1
(i=12...8)

Similar sets are obtained for the antisymmetric motion. It should
be noted that the derivatives (d/d0)(N,,) and (d/d0)(N,,) are
coupled in the aforementioned equations. Generally, in applying
the stepwise integration procedure to shells of other geometries®
coupling of the derivatives of a shell function does not occur.

Integration of Egs. (10) is carried out by using a Runge-Kutta
fifth-order formula which is given in Ref. 7. The integration
procedure commences by assuming a unit value for one of the
functions uy, wo, Wyq, Uy, Uy, Wy, Oy, Ngo, o0, Myq, Ny Ty
Jy, or My, at one end of the shell segment (0 = 0i), while setting
all the others to zero. By using the Runge-Kutta numerical
integration technique,’ the values of the functions at the other
end of the shell segment (8 = 6j) are computed. This procedure
yields the following relations:

(F)) = XA+ X1 .
{4 = HAS+[L{F
Where the terms of the vector {F j} are the harmonics of the stress
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resultants Nyo, Joo, Myo, Ny, Ty, Jo, and My, atedge j, whereas,
the terms of the vector {A;} are the harmonics of the shell
displacements u,, w,, Wy, Uy, U;, W, and wy, at edge j. The
elements of the matrices [X,], [X,] and [Y,] and [Y,] are the
influence coefficients for the shell segment.

Firstly, it should be noted, that in order to integrate Eqs. (10)
a value for the frequency (€) must be assumed since it appears
on the right-hand side of the equations. If the frequency is taken
aszero, the influence coefficients and the resulting stiffness matrix
will describe the static characteristics of the shell segment, while,
if a value other than zero is used, the influence coefficients and
the stiffness matrix will include the inertia effects. Secondly, it
should be noted, there is a restriction on the length of the shell
segments. The length of each segment should not be larger than
a critical length for which computer roundoff errors become
pronounced.

The stiffness matrix for the shell segment is obtained by solving
for {F,} and {F } in Eq. (11). This yields the following:

{2} [[X[ Ez ]_[E]Em AR %;]j{y;j-z}{A} (12)

The stiffness matrix for the reinforcing rings which is derived
in Ref. 7 is of the form

{Fj} = [KR]{Aj} (13)

Solution of the Equations Governing the Motion of a
Ring-Stiffened Toroidal Shell

The stiffness matrix of the complete ring-stiffened toroidal
shell is obtained by combining the stiffness matrices of the shell
segments and the rings.” Addition .of the shell and ring stiffness
matrices using the direct stiffness method is equivalent to satisfy-
ing the following boundary conditions at each junction

{F}exlemal = {F}shell+ {F}ring

{A}shel] = {A}ring
The resulting matrix [ K], which relates the amplitudes of the
meridional harmonics of the stress resultants to the amplitudes
of the meridional harmonics of the displacements at the junctions
of the shell segments, includes the effects of the inertia terms.
Thus, the governing equations for the motion of a ring-stiffened
toroidal shell are given as

(14)

{F} = [K]{A} (15)
For free vibrations, the governing equations become
{0} = [K1{A} (16)

This is a set of M linear algebraic equations; their solution yields
M frequencies and M different vibrational patterns correspond-
ing to the M degrees of freedom allowed in the analysis of the
shell. That is, every shell segment has 2S degrees of freedom
depending on the number of harmonics S included in the
analysis.f If the shell is subdivided into V segments, the total
number of degrees of freedom M is given by

M =(S)(V)

A solution of Eq. (16) can be obtained by employing either of
two methods: the determinant method, or an iterative eigenvalue
method. In the determinant method values of the frequency are
sought which cause the determinant of the coefficients of the A’s
to vanish. This is accomplished by a trial and error procedure.
The second method,” has certain definite advantages over the
determinate approach and is employed in this investigation. The
problem of skipping roots which are close together does not exist;
moreover, when one eigenvalue is obtained, satisfactory estimates
of many other eigenvalues are also available.

1 If the zero harmonic is only included (m = 0) each shell segment
has six degrees of freedom, the three harmonics u,, W, Wy, at each
end. If the zero and first harmonics are included, each segment has
fourteen degrees of freedom, the seven harmonics u,, Wy, Wy, 4, Uy,
w,, Wy, at each end.
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The problem is cast into the linear eigenvalue form by splitting
the stifiness matrix in Eq. (16) into two parts. The first part is
the standard elastic stiffness matrix [ K, |, obtained by setting the
frequency to zero. The second part [ K] represents the change in
the stiffness due to the dynamic effects and is obtained by simply
subtracting [ K, ] from [ K], thus

[Ki]=[K]- [Ko] (17)
Note that the functional dependence of [ K;] on the frequency is
not explicitly defined. Hence, [ K;] can only be formed for a given
specific value of Q. Thus, to form [K{], a value of the frequency
Q=Q,_,, is assumed. Having formed [K,], the solution of
Eq. (16) can be formulated as a linear eigenvalue problem
requiring an iterative solution. ’

{[K0]+itk2[K (QZ 1 k)]} {A] = {0} (18)
2,2 are the eigenvalues obtained by solving Eq. (18). These eigen-
values can be considered as squares of frequency ratios
(€;,/©;_, ,)*- Thus, a new estimate of the frequency is obtained
by multiplying the assumed frequency Q, _, , by 4;,. I Eq. (18) is
of order M, for each solution, M ratios 4, (k=1,2...M) are
obtained. Each ratio corresponds to one of the free vibration
patterns included in the analysis. The ratio corresponding to the
desired frequency is selected (if the third frequency is sought the
third ratio is taken) and the assumed frequency is multiplied
by this ratio, resulting in a new estimate Q;, of the desired
frequency Q,. Using this new value of Q, ,, the matrix [ K(Q; k)]
is computed and Egs. (18) are solved again for the M ratios
A e This process is repeated until the ratio 4, corresponding
to the desired frequency is equal to unity. This indicates that for
the assumed value Q,_, , of frequency, the set of Eqgs. (18) is
identically satisfied and, hence Q,_, , is the desired frequency
Qk- '

The frequencies and vibration patterns obtained by solving the
governing Eqs. (16) with cither of the two methods described will
constitute an estimate of the actual frequencies and vibration
patterns of the toroidal shell. The final solution for the frequencies
and vibration patterns will be obtained by successively retaining
more sets of harmonics, until the results obtained on the basis of
m harmonics differ from those obtained on the basis of m+1
harmonics by a prescribed error.

A computer program was written that generates the stiffness
matrices of the shell segments and rings. This program is
described in detail in Ref. 10. The stiffness matrices of the shell
segments and rings were combined using a matrix manipulation
program.

In order to obtain accurate solutions, the lengths of the toroidal
shell segments must not exceed a certain maximum size. Thus,
many small shell segments must be joined together to form the
entire shell resulting in a very large eigenvalue problem which
may exceed computer capacity. To circumvent this difficulty, the
Guyan reduction technique® is employed to eliminate some of
the degrees of freedom.

The eigenvalues and eigenvectors of the reduced eigenvalue
problem are obtained by applying the Householder technique.
In order to obtain the lowest roots within acceptable accuracy,
itis necessary to reduce the [ K, | matrix to triangular form. This
requires removal of the rigid body modes, inasmuch as their
presence renders the stiffness matrix singular and, consequently,
nonreducible. A means of rectifying this difficulty is presented in
Ref. 11 where a coordinate transformation is utilized to remove
the singularities of [K,]. In this approach, the principle of
conservation of momentum is employed in conjunction with
equilibrium equations which are rather cumbersome. Another
method utilized to remove the singularities of [ K, | is the method
of shifts.!® This method which yields accurate results was
employed in this investigation. Consider the eigenvalue problem

[KoJ{A} = A[K J{A} (19)
In the method of shifts the eignevalues /, are expressed as
A=A%—2° (20)

where A° is a chosen number. Substitution of Eq. (20) into
Eq. (19) yields
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Table 1 Comparison of frequencies for a toroidal shell with
n=20/3,{=00Lv=03

Symmetric motion

Frequency 4 A
l\ig,o?f present Frequency % Difference
investigation Ref. §
11 2 0.338 0.337 03
12 0 0.351 0.346 14
18 2 0.383 0.384 0.3
20 0 0.392 0.392 0
Antisymmetric motion
E Frequency 4 A
l\ig'o?f present Frequency 9% Difference
investigation Ref. 5
2 0 0.00967 0.0097 03
12 2 0.285 0.283 0.7
16 2 0.382 0.374 2.1
18 0 0.386 0.385 0.2
{[Kol+ X[Ki1} {A} = 2*[K]{A} 21

the matrix {[ K, ]+ 2°[K,]} is not singular and may be reduced to
triangular form, and the eigenvalues A* can be established.
Finally, the eigenvalues 4 are obtained from Eq. (20).

Numerical Results for Unstiffened Toroidal Shells

In Table 1, the frequencies obtained in this investigation for a
toroidal shell with # = a/R = 20/3, { = h/R = 0.01 and v = 0.3,
are compared with those reported in Ref. 5. The number of a
root indicates its relative magnitude. The lowest root is number
one. It is noted, that the maximum difference between the two
sets of frequencies is 2.1%. This difference may be due to the
fact that in Ref. 5, a shell theory presented by Sanders!? was
utilized whereas, in this investigation, the Love-Reissner theory
was employed.

It should be noted that the convergence of the iterative linear
eigenvalue formulation is very rapid. In all cases, after the first
trial only one additional solution was required to obtain each
root to four-figure accuracy. Moreover, the formulation
employed herein yields the frequencies in ascending order
commencing with the lowest, thus eliminating the problem of
identifying the roots, a dnﬁculty encountered in the determinant
method.®

Figure 3 indicates the number of the highest harmonic which
must be retained for different values of the shell parameters, in

£=0.02 £ =0.01 (=0.002
, Results of this investigation l ° L Jay L

Results of Ref. 6 A L)
iz
10 o A
8 A [ ]
n
6
o
4 A
2 r A a
4 " L L L
4 & 12 16 20
m

Fig. 3 Number of highest harmonic m that must be retained for
convergence to the first root for various values of # and {.
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Table2 F requericies (/1) of unstiffened toroidal shells

n =10 { =001 n =10 (=002 n=>5 (=002
. Symmetric Anti symrhetric Symmetric Antisymmetric Symmetric Antisymmetric
n motion motion motion motion motion motion
2 0.00220 2 0.00256 2 0.00442 2 0.00506 2 0.00901 2 0.00916
3 0.0136 3 0.0141 3 0.0288 3 0.0296 3 0.0378 0 0.0150
4 0.0308 0 0.0148 4 0.0696 0 0.0315 4 0.0752 3 0.0369
S 0.0507 4 0.0308 5 0.122 4 0.0697 5 0.131 4 0.0747
6 0.0763 5 0.0506 6 0.191 5 0.121 6 0.210 5 0.131

% p = number of circumferential waves.

order that three-figure accuracy is assured in the eigenvalues.
In the same figure the convergence characteristics of the results
in Ref. 6 are illustrated. In this reference, the buckling of toroidal
shells was investigated. All of the curves pertain to the lowest
buckling mode or the lowest eigenvalue of the toroidal shell. The
convergence characteristics of the present formulation are
analogous to those of Ref. 6. Figure 3 indicates that more
harmonics are necessary for the representation of the motion of
the toroidal shell as { and # decrease. For small values of {, the
bending stiffness of the shell is small and the mode shapes tend to
have more oscillations around the meridian, thus necessitating
additional harmonics for accurate representation of the motion.
On the other hand, as # increases and in the limit as n — oo, the
geometry of the torus approaches that of an infinitely long
circular cylinder. Thus, mode shapes of the meridians of the
vibrating shell resemble more and more those of the cross sectior
-of an infinite cylinder which are represented by harmonic
functions. Due to the increase in the circumferential curvature,
the mode shapes along the meridians of toroidal shells with smiall
n values become more and more distorted from the regular
harmonic shapes. Consequently, additional harmonics are
required to represent accurately the mode shapes of the shell.
Table 2 gives the five lowest frequencies of the symimetric and
antisymmetric motion for three different toroidal shells. For all
cases considered, the lowest eigenvalue for both the symmetric

—— Unstiffened

——— Stiffened with four

N equally spaced heavy rings
0.16 N c-0.02

2 s 10 20 30 40
a) Symmetric Motion

——  Unstiffened
——— Stiffened with four
- equally spaced heavy rings
-~ £=0.02

b) Antisymmetric Motion

Fig. 4 Frequencies of unstiffened and stiffened toroidal shells vs radii
ratio.

and the antisymmetric motion, corresponds to motion involving
two circumferential waves (n = 2). For the symmetric motion the
next four roots correspond to three, four, five and six circum-
ferential waves (n = 3,4, 5,6). For antisymmetric motion in the
first two cases, the third mode is axisymmetric; whereas, in the
third case, the second mode is axisymmetric. Moreover, Table 2
indicates that for all three shells considered, the eigenvalues for
the symmettic and antisymmetric motions corresponding to the
same value of n (for n > 0) do not differ by more than 20%. This
was also observed for the buckling loads of unstiffened toroidal
shells in Ref. 6. Furthermore, as in the case of cylindrical shells, '3
the results indicdte that as the thickness to radius ratio ({) is
increased, the frequency increases. The value of the frequency
parameter approximately doubles when ( is doubled. Moreover,
the results presented in Table 2 indicate that when the radii ratio
() decreases, all the eigenvalues studied increase, except those
corréponding to the axisymmetric mode which decrease.

The effect of the radii ratio on the eigenvalues for n = 2, 3, 4,
and 5is shown in Fig. 4 for both the symmetric and antisymmetric
motions. The curves indicate that as 5 decreases, the eigenvalues
increase in value. For a particular value of n > 0, a decrease in n
indicates that the half wavelength around the circumference of
the toroidal shell becomes smaller. It is anticipated, that for large
values of #, the motion of each toroidal segment between two
adjacent modes on the circumference of toroidal shells will be
analogous to the motion of cylindrical shells. In the case of
circular cylindrical shells'? the frequency increases as the length
of the shell decreases, hence, the frequency of the toroidal shells
will increase as # decreases. Moreover, the results in Fig. 4
indicate that for values of 5 greater than 5, the eigenvalues vary
in a nearly linear fashion.

In Figs. 5 and 6, the first four mode shapes of the three toroidal
shells considered are presented. In Fig. 5, the symmetric modes
are illustrated whereas, in Fig. 6, the antisymmetric modes are

I/ ," l/ L]
| )
\ \ N £- 0.0l
L\\ N <
Axis of Revolution
A 0.00220 A= 0.0136 A= 0.0308 % 0.0507
Pys .
/ Vs R - T 10
! { H {
\ \ \ N £20.02
\ N ~ -
<
A - 0.00442 A= 0.0288 A= 0.0696 A= 00122
- T 5
Id Fanl —
t { { (- 0.02
(A N .
d 7
A = 0,00901 %= 0.0378 %= 0.0752
n-2 n=3 n- 4 nc:s

Fig. 5 Symmetric mode shapes of three unstiffened toroidal shells.
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D
=10
{=0.01
2
’
RN
Ax\s of Revolution
. A = 0.00256 A = 0.0141 A = 0.0148
27N
\
n=10
'
\ { £=0.02
g
N ‘\_‘/’
A= 0.00506 A= 0.0296 A= 0.0315 A= 0,0697
-
NY = \\\ Y
\ Mm=35
= 0,02
A
\ /
\ — > -
A= 0.00916 0.0369% A = 0,0150 X= 0.0747
n =2 n =3 n=20 n = 4

Fig. 6 Antisymmetric mode shapes of three unstiffened toroidal shells.

presented. Both figures show the deformation of the meridional
cross section and indicate the number of circumferential
harmonics.

Numerical Results for Ring-Stiffened Toroidal Shells

Toroidal shells with { =002 and # =35 or n =10 were
considered and the effect on their frequencies and mode shapes
of four equally spaced and four unequally spaced rings
investigated. Two different types of rings were employed for the
cases of equally. spaced reinforcement. Their parameters are
tabulated in Table 3.

Tables 4-6 give the first five eigenvalues of the symmeétric and
antisymmetric motions of the stiffened toroidal shells. They also
indicate the predominant circumferential harmonic (n) of the
motion and give the change A4 of the frequency parameter of
the stiffened shell from that of the unstiffened shell corresponding
to the same circumferential harmonic. Note that generally the
frequency increases when the shell is stiffened. As anticipated,
the change in the frequency is more appreciable for shells having
heavy rings. Moreover, for the same type of rings employed, the
change in 2 is more appreciable for shells with # = 5 than with
n = 10. This was anticipated inasmuch as the shapes of the
meridional cross sections for the unstiffened shell with y = 5 are
more irregular than those of the shell with n =10, and
consequently, the rings would exert a greater restriction upon
the motion of the shell with # = 5, than on the motion of a shell
with # = 10 and, hence, they would exert a greater influence on
the frequency of the shells with # = 5.

This effect is further shown in Fig, 4 where the change in the
eigenvalues of toroidal shells stiffened with four, equally spaced
heavy rings is given for values of # ranging from 2 to 40. The
results indicate that the effect of the stiffening rings decreases
with increasing #, diminishing to less than 109 for 5 > 30 for
the modes considered. Moreover, the effect of the rings, generally,
is greater for the higher modes, except for low values of 4 (3 < 10),
where the effect of the stiffening rings on the frequency is the
greatest for the mode involving predominantly the n=4
circumferential harmonic. In Fig. 4, it is also indicated that the

Table 3 Ring parameters

a I, T

z

J

=
Aol

)
QY

1) Light ring 0.005 5x107¢ 2x107% 5x107¢
2) Heavyring 001 1x107% 2x1075% 5x107°

(o]
—
W= Gl

(=]
—_
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Table 4 Frequencies of the symmetric motion of a stiffened
toroidal shell with four equally spaced rings

n=10,{=002,v=03

Light rings Heavy rings
n A Al in % n A Adin %,
2 0.00439 -0.6 2 0.00436 ~13
2 0.00562 +27.1 2 0.00640 +44.0
3 0.0325 +12.8 3 0.0346 +20.1
4 0.0698 +03 4 0.0698 +03
4 0.0901 +29.5 4 0.101 +45.1

n=51{(=002v=03

Light rings Heavy rings
n A Alin %, n A Adin ¥
2 0.00894 -08 2 0.00883 -20
2 0.0130 +443 2 0.0152 +68.7
3 0.0467 +23.5 3 0.0510 +34.9
4 0.0764 +1.6 4 0.0764 +1.6
4 0.116 +54.2 4 0.135 +79.5

“ Ak is the change in A due to the presence of the rings.

Table 5 Frequencies of the antisymmetric motion of a stiffened
toroidal shell with four equally spaced rings

n=10,{=002,v =03

Light rings Heavy rings
n A AlinY n A Alin %
2 0.00506 0 2 0.00506 0
2 0.00635 +25.6 2 0.00713 +40.9
3 - 0.0333 +14.2 3 0.0353 +19.2
0 0.0355 +126 0 0.0375 +19.0
4 0.0697 0 4 0.0697 0

n=5{(=002v=03

Light rings Heavy rings
n A Alin'Y, n A AlinY,
2 0.00917 +0.1 2 0.00914 -0.2
2 0.0131 +43.0 2 0.0152 +659
0 0.0183 +220 0 0.0205 +36.6
3 0.0458 +24.1 3 0.0498 +34.9
4 0.0760 +17 4 0.0758 +0.8

Table 6 Frequencies of the symmetric and the antisymmetric motion
of a stiffened toroidal shell with unequally spaced rings

n=10,{=002,v=03

Symmetric motion with
four heavy rings

Antisymmetric motion with
four heavy rings

n A Aiin Y, n A Alin 9,
2 0.00481 +8.8 2 0.00548 +83
2 0.00583 +31.9 2 0.00649 +28.5
3 0.0325 +12.8 3 0.0317 +7.1
3 0.0361 +25.3 3 0.0354 +19.6
4 0.0697 +0.1 0 0.0427 +35.5
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rings alter the frequencies of the symmetric and antisymmetric
motion by approximately the same percentage.

Mode shapes for the stiffened shells with # = 10 are shown
in Figs. 7 and 8. They are illustrated by indicating the deformed
shape of the meridional section and by depicting the change in
the shape around the circumference.

It should be noted that due to the presence of the rings, the
deformation changes shape as well as magnitude at different
sections around the circumference. In the vicinity of the rings
the deformed shape of the meridional sections are more circular
in form than at stations away from the rings. In Figs. 7 and 8§,
only the general form of the deformation is indicated. In Ref. 10
the deformation at several meridional sections is given.

Figure 7 shows the frequencies and mode shapes of the
symmetric motion of a toroidal shell with n = 10, { = 0.02 which
is stiffened with four, equally spaced heavy rings. The frequency
of the first mode is analogous to that of the unstiffened shell,
indicating that the predominant circumferential harmonic is the
n =2 and that the nodal planes (planes of zero radial displace-
ment)occur at the meridional sections where the rings are located.
Thus, in this ease, the rings remain essentially undisturbed and,
consequently, have a negligible effect upon the motion.

The subsequent mode also involves predominantly the n = 2
circumferential harmonic; however, in this mode, the location
of the nodes does not coincide with the location of the rings.
In point of fact, the maximum radial component of the displace-
ment occurs at the location of the rings. As anticipated, the rings
render the deformed shapes of the meridional cross sections of
the shell more circular in form.

The third mode involves predominantly the n =3 circum-
ferential harmonic, where two of the stiffening rings experience
negligible radial motion, whereas, the other two rings experience
the maximum radial motion.

The next mode involves predominantly the n =4 circum-
ferential harmonic with the circumferential nodes located at the
four rings. As anticipated, the frequency is analogous to that of
the unstiffened shell. The next mode, which is not shown, also
has an n =4 shape. However, the rings experience maximum
motion and the frequency is higher.

Figure 7 also depicts the frequencies and mode shapes of the
antisymmetric motion for the cases previously considered. As
illustrated in the figure, the effect of the stiffening rings on the
antisymmetric modes is similar to that on the symmetric modes.
However, as in the case of the unstiffened shells, an additional
mode occurs in the antisymmetric motion which involves
predominantly the n = 0 harmonic superimposed on the n = 4

Symmetric Antisymmetric

e )
A 'O
| n= 2

X =0.00506 \

n=2

X - 0,00640 Ao

A = 0.0375 ~ ’

Fig.7 Mode shapes for first four frequencies of a toroidal shell stiffened
with four heavy rings equally spaced n = 10, { = 0.02, v = 0.03.
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Fig. 8 Mode shapes for first four frequencies of a toroidal shell
stiffened with four heavy rings unequally spaced = 10, { = 0.02,v = 0.3.

circumferential harmonic. Thus, for this mode, the rings alter the
character of the motion and the coupling of circumferential
harmonics is evident.

Figure 8 depicts the frequencies and mode shapes of the
symmetric and antisymmetric motions of toroidal shells with
n =10, { = 0.02, stiffened with four, unequally spaced, heavy
rings. Note that as in the case of shells with equally spaced
rings, the first two symmetric and the first two. antisymmetric
modes involve predominantly the n = 2 harmonic. The frequency
of the first symmetric and the first antisymmetric mode is higher
than that of the unstiffened shell. This is due to the fact that one
of the rings does not lie at a nodal section. The two subsequent
modes for both symmetric and antisymmetric motion involve
predominantly the n = 3 harmonic. The frequency of the first
n = 3modeislower than that obtained when the rings are equally
spaced, whereas, the frequency of the second n = 3 modeis higher.

Conclusions

The problem of the free vibrations of ring-stiffened toroidal
shells was formulated and the frequencies together with the
corresponding mode shapes were obtained for different shell
parameters and varying ring properties. The rings were treated
as discrete members which were coupled to toroidal shell
segments by imposing compatibility conditions.

In the formulation of the shell equations, it was established
that two types of uncoupled modes exist. The first corresponds
to motion which is symmetric about the equatorial plane of the
torus and the second to motion which is antisymmetric about
this plane. Each of these sets of modes is governed by an infinite
set of ordinary differential equations which, subsequent to
truncation, can be solved by the stepwise integration method
with the integration proceeding in the 8 direction. This approach
yields satisfactory results. Checks of the frequencies of unstiffened
toroidal shells with available results concurred to within 2.1%.

A technique for obtaining eigenvalues, originally used in the .
buckling analysis of rotationally symmetric shells, was also
shown to converge very rapidly in the present investigation. This
technique has several advantages over conventional methods of
obtaining eigenvalues.

The convergence characteristics of the roots of unstiffened
toroidal shells were studied as the number of harmonics retained
was increased. Plots were established showing the effect of the
shell parameters on the number of harmonics that must be
retained for three-figure accuracy in the roots. It was found that
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more harmonics must be retained for lower values of the radii
ratio, #, and for lower values of { = k/R.

The five lowest frequencies and their corresponding mode
shapes of the symmetric and antisymmetric motion of three
different unstiffened shells were determined. It was established,
thatin all cases, the lowest mode corresponds to motion involving
the circumferential harmonic n = 2. Moreover, it was established
that the frequencies of the symmetric and antisymmetric motion
corresponding to the same circumferential harmonic (n = 2) did
not differ appreciably. The results indicate that the frequency
of the unstiffened toroidal shells increased with increasing { and
decreasing 7. The mode shapes for the three different cases
considered did not vary appreciably; however, the differences
in the frequency were considerable.

When stiffening rings were added to the toroidal shells, the
frequencies remained either nearly the same as those of the
unstiffened shell (when all the rings occurred along nodal
sections) or increased substantially. The changes in the
frequencies were greater for the shells with the smaller 5. It was
established that the stiffening did not alter appreciably the
character of the mode shapes. However, in ring-stiffened toroidal
shells, the presence of additional modes was established.
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